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Fuzzy characteristic interior ideal
Simple Γ -semigroup
a b s t r a c t
In this paper, we fuzzify the notions of interior ideals and characteristic interior ideals of a
Γ -semigroup, and investigate some of their basic properties. Finally, a characterization of
a simple Γ -semigroup in terms of fuzzy interior ideals is obtained.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
A semigroup is an algebraic structure consisting of a non-empty set S together with an associative binary operation [1].
The formal study of semigroups began in the early 20th century. Semigroups are important in many areas of mathematics,
for example, coding and language theory, automata theory, combinatorics and mathematical analysis. Sen and Saha, in [2],
defined Γ -semigroups as a generalization of semigroups. Γ -semigroups have been analyzed by a lot of mathematicians, for
instance by Chattopadhyay [3,4], Dutta and Adhikari [5,6], Hila [7,8], Chinram [9], Saha [10], Sen et al. [11–13], Seth [14] and
Uckun [15].
After the introduction of fuzzy sets by Zadeh [16], reconsideration of the concept of classical mathematics began. On the
other hand, because of the importance of group theory in mathematics, as well as its many areas of application, the notion
of fuzzy subgroups was defined by Rosenfeld [17], and its structure was investigated. Das characterized fuzzy subgroups by
their level subgroups in [18]; also see [19].
This paper is a sequel to our study [20,21] of fuzzification of Γ -semigroups. Hong, Jun and Meng [22] considered the
fuzzification of interior ideals in semigroups. In this paper, we introduce the notions of fuzzy interior ideals and fuzzy
characteristic interior ideals of a Γ -semigroup and obtain some of their properties such as the characteristic function
criterion and the level subset criterion. We observe that these ideals remain invariant under fuzzy multiplication [23],
fuzzy translation [23], fuzzy magnified translation [24], inverse mapping and fuzzy ideal extension [20]. Also, we obtain
a characterization of a simple Γ -semigroup in terms of a fuzzy interior ideal.
2. Preliminaries
In this section we discuss some elementary definitions that we use later.
Let S = {x, y, z, . . .} and Γ = {α, β, γ , . . .} be two non-empty sets. Then S is called a Γ -semigroup [2] if there exists a
mapping S × Γ × S → S (images to be denoted by aαb) satisfying
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(1) xγ y ∈ S,
(2) (xβy)γ z = xβ(yγ z),
for all x, y, z ∈ S and β, γ ∈ Γ . A non-empty subset I of a Γ -semigroup S is said to be a subsemigroup of S if IΓ I ⊆ I .
Example 1. Let Γ = {5, 7}. For any x, y ∈ N and γ ∈ Γ , define xγ y = x · γ · y, where · is the usual multiplication on N.
Then N is a Γ -semigroup.
Example 2. Let S = [0, 1] and Γ = { 1n | n is a positive integer}. Then S is a Γ -semigroup under the usual multiplication.
Next, let K = [0, 1]. We have that K is a non-empty subset of S and aγ b ∈ K for all a, b ∈ K and γ ∈ Γ . Then K is a
sub-Γ -semigroup of S.
Remark 1. The Γ -semigroup introduced by Sen and Saha [2] may be called a one-sided Γ -semigroup. Later, Dutta and
Adhikari [5] introduced a both-sided Γ -semigroup where the operation Γ × S×Γ to Γ was also taken into consideration.
They defined operator semigroups for such Γ -semigroups.
Throughout the paper unless otherwise stated S will denote a Γ -semigroup.
A left (right) ideal of a Γ -semigroup S is a non-empty subset I of S such that SΓ I ⊆ I (IΓ S ⊆ I). If I is both a left and
a right ideal of a Γ -semigroup S, then we say that I is an ideal of S. A subsemigroup A of S is called an interior ideal of S if
SΓ AΓ S ⊆ A.
A mapping f from a Γ -semigroup S to another Γ -semigroup T is called a homomorphism if
f (xγ y) = f (x)γ f (y) for all x, y ∈ S and γ ∈ Γ .
A fuzzy subset in S is a function µ : S −→ [0, 1]. Let µ be a fuzzy subset of S and x ∈ S. Then the fuzzy subset
〈x, µ〉 : S −→ [0, 1] defined by
〈x, µ〉(y) = inf
γ∈Γ µ(xγ y)
is called the extension [20] of µ by x.
Let µ be a fuzzy subset of a set X and α ∈ [0, 1− sup{µ(x) : x ∈ X}], β ∈ [0, 1]. A mapping µCβα : X → [0, 1] is called a
fuzzy magnified translation [24] ofµ ifµCβα(x) = β ·µ(x)+α for all x ∈ X .µTα (obtained by putting β = 1) andµMβ (obtained
by putting α = 0) are respectively called a fuzzy translation and a fuzzy multiplication [23] of µ.
A Γ -semigroup S is said to be regular if x ∈ xΓ SΓ x for any x ∈ S [5].
3. Fuzzy Interior Ideals
Definition 3.1. (F1) A non-empty fuzzy subset µ of S is called a fuzzy subsemigroup of S if it satisfies
µ(xγ y) ≥ min{µ(x), µ(y)}, for all x, y ∈ S and γ ∈ Γ .
(F2) A fuzzy subsemigroup µ of S is called a fuzzy interior ideal of S if it satisfies
µ(xαaβy) ≥ µ(a), for all x, a, y ∈ S and α, β ∈ Γ .
(F3) A non-empty fuzzy subset µ of S is called a fuzzy left ideal of S if it satisfies
µ(xγ y) ≥ µ(y), for all x, y ∈ S and γ ∈ Γ .
(F4) A non-empty fuzzy subset µ of S is called a fuzzy right ideal of S if it satisfies
µ(xγ y) ≥ µ(x), for all x, y ∈ S and γ ∈ Γ .
(F5) A non-empty fuzzy subset µ of a Γ -semigroup S is called a fuzzy ideal if it is a fuzzy left and a fuzzy right ideal of S.
Example 3. Let S be the set of all non-positive integers and Γ be the set of all non-positive even integers. Then S is a
Γ -semigroup where aγ b denote the usual multiplication of integers a, γ , b with a, b ∈ S and γ ∈ Γ . Let µ be a fuzzy
subset of S, defined as follows:
µ(x) =

1 if x = 0
0.1 if x = −1,−2
0 if x = −3,−6
0.4 otherwise.
Then the fuzzy subset µ of S is a fuzzy interior ideal of S which is not a fuzzy ideal of S.
Let µ be a fuzzy subset of S and let α ∈ [0, 1]. Then the set µα := {x ∈ S : µ(x) ≥ α} is called the α-cut of µ.
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Theorem 3.2. Suppose that µ is a non-empty fuzzy subset of a Γ -semigroup S. Then µ is a fuzzy interior ideal of S if and only if
the α-cut µα of µ is an interior ideal of S for every α ∈ [0, 1], provided it is non-empty.
Proof. Let µ be a fuzzy interior ideal of S and let α ∈ [0, 1] be such that µα is non-empty. Let x, y ∈ µα and γ ∈ Γ .
Then µ(x) ≥ α and µ(y) ≥ α. Now, since µ is a fuzzy interior ideal, it is a fuzzy subsemigroup, and hence µ(xγ y) ≥
min{µ(x), µ(y)}. Thus we see that µ(xγ y) ≥ α. Consequently, xγ y ∈ µα . Hence µα is a subsemigroup of S. Now, let x, y ∈
S;β, δ ∈ Γ and a ∈ µα . Thenµ(xβaδy) ≥ µ(a) ≥ α, and so xβaδy ∈ µα . Hencewe conclude thatµα is an interior ideal of S.
In order to prove the converse, we have to show that µ satisfies conditions (F1) and (F2). If condition (F1) is false, then
there exist x0, y0 ∈ S, γ ∈ Γ such that µ(x0γ y0) < min{µ(x0), µ(y0)}. Taking α0 := 12 [µ(x0γ y0) + min{µ(x0), µ(y0)}],
we see that µ(x0γ y0) < α0 < min{µ(x0), µ(y0)}. This implies that x0, y0 ∈ µα0 and x0γ y0 6∈ µα0 , which is a contradiction.
Hence condition (F1) is true. Similarly, we can prove (F2). 
The following corollary is a general version of the characteristic function criterion of fuzzy interior ideal of a Γ -semigroup.
Corollary 3.3. Let M be a non-empty subset of S and let µ be a fuzzy subset of S defined by
µ(x) :=
{
α0 if x ∈ M
α1 otherwise
for all x ∈ S and α0, α1 ∈ [0, 1] such that α0 > α1. Then M is an interior ideal of S if and only if µ is a fuzzy interior ideal of S.
Furthermore, µα0 = M.
Proof. LetM be an interior ideal of S. Let x, y ∈ S and γ ∈ Γ . Then four cases may arise.
(i) x ∈ M, y ∈ M ,
(ii) x 6∈ M, y ∈ M ,
(iii) x ∈ M, y 6∈ M ,
(iv) x 6∈ M, y 6∈ M .
In the case (iv), µ(x) = µ(y) = α1, and so min{µ(x), µ(y)} = α1. Now, µ(xγ y) = α0 or α1 according as xγ y ∈ M or
xγ y 6∈ M . Again α0 > α1. Hence, we see that µ(xγ y) ≥ min{µ(x), µ(y)}.
For other cases, by using a similar argument we deduce that µ(xγ y) ≥ min{µ(x), µ(y)}. Hence, µ is a fuzzy
subsemigroup of S. Now, let x, a, y ∈ S and α, β ∈ Γ . If a 6∈ M , then µ(a) = α1 and µ(xαaβy) = α0 or µ(xαaβy) = α1
according as xαaβy ∈ M or xαaβy 6∈ M . Again, if a ∈ M then xαaβy ∈ M , and so µ(xαaβy) = α0. Thus, we see that
µ(xαaβy) ≥ µ(a). Consequently, µ is a fuzzy interior ideal of S.
In order to prove the converse, we first observe that, by definition of µ, µα0 = M . Then the proof follows from
Theorem 3.2. 
The following result is the characteristic function criterion of a fuzzy interior ideal of a Γ -semigroup which follows as an
easy consequence of the above result.
Corollary 3.4. Let µA be the characteristic function of a subset A 6= φ of S. Then µA is a fuzzy interior ideal of S if and only if A
is an interior ideal of S.
Proposition 3.5. Let µ be a fuzzy ideal of S. Then µ is a fuzzy interior ideal of S.
Proof. Since µ is a fuzzy ideal of S, for any x, y ∈ S and γ ∈ Γ , µ(xγ y) ≥ µ(x) and µ(xγ y) ≥ µ(y), which implies
that µ(xγ y) ≥ min{µ(x), µ(y)}. Hence µ is a fuzzy subsemigroup of S. Now let x, a, y ∈ S and α, β ∈ Γ . Then
µ(xαaβy) = µ(xα(aβy)) ≥ µ(aβy) ≥ µ(a). Consequently, µ is a fuzzy interior ideal of S. 
Regarding the converse, we have the following result.
Proposition 3.6. Let S be a regular Γ -semigroup and µ be a fuzzy interior ideal of S. Then µ is a fuzzy ideal of S.
Proof. Let x, y ∈ S, γ ∈ Γ . Since S is regular, for any x ∈ S there exist a ∈ S, α, β ∈ Γ such that x = xαaβx. Then
µ(xγ y) = µ(xαaβxγ y) ≥ µ(x). So µ is a fuzzy right ideal of S.
Similarly, we can prove that µ is a fuzzy left ideal of S. Hence µ is a fuzzy ideal of S. 
From the above two propositions it is clear that in regular Γ -semigroups the concepts of fuzzy ideals and fuzzy interior
ideals coincide.
Proposition 3.7. If {µi}i∈I is a family of fuzzy interior ideals of S, then so is⋂i∈I µi(x) = inf{µi(x) : i ∈ I, x ∈ S}, provided it
is non-empty.
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Proof. Let x, a, y ∈ S and α, β ∈ Γ . Then,⋂
i∈I
µi(xγ y) = inf{µi(xγ y) : i ∈ I}
≥ inf[min{µi(x), µi(y)} : i ∈ I]








Hence ∩µi is a fuzzy subsemigroup of S.
Now
⋂




µi is a fuzzy interior ideal
of S. 
In what follows, Aut(S)will denote the set of all automorphisms of the Γ -semigroup S.
Definition 3.8. An interior idealM of S is called a characteristic interior ideal of S if f (M) = M for all f ∈ Aut(S).
Definition 3.9. A fuzzy interior ideal µ of S is called a fuzzy characteristic interior ideal of S if µ(f (x)) = µ(x) for all x ∈ S
and f ∈ Aut(S).
Theorem 3.10. A non-empty fuzzy subset µ of S is a fuzzy characteristic interior ideal of S if and only if the α-cut of µ is a
characteristic interior ideal of S for all α ∈ [0, 1], provided µα is non-empty.
Proof. Let µ be a fuzzy characteristic interior ideal of S and α ∈ [0, 1] be such that µα 6= φ. Then, by Theorem 3.2, µα is an
interior ideal of S. Let f ∈ Aut(S) and x ∈ µα . Then, µ(x) ≥ α and µ(f (x)) = µ(x) ≥ α. Hence, f (x) ∈ µα . This implies that
f (µα) ⊂ µα . To obtain the reverse inclusion, let x ∈ µα and y ∈ S such that f (y) = x. Then, µ(y) = µ(f (y)) = µ(x) ≥ α,
and so y ∈ µα . Consequently, f (y) ∈ f (µα), whence x ∈ f (µα). Hence µα ⊂ f (µα). Thus we deduce that f (µα) = µα .
Therefore, µα is a characteristic interior ideal of S.
Conversely, let µα be a characteristic interior ideal of S for all α ∈ [0, 1]. Let f ∈ Aut(S), x ∈ S and µ(x) := α. Then
x ∈ µα . Since, by the hypothesis, f (µα) = µα , we see that f (x) ∈ µα , and hence µ(f (x)) ≥ α. Let β = µ(f (x)). Then,
f (x) ∈ µβ = f (µβ). Since f is one-to-one, we deduce that x ∈ µβ . This implies that µ(x) ≥ β . Hence α ≥ β . Thus, we
obtain µ(f (x)) = α = µ(x). Hence, µ is a fuzzy characteristic interior ideal of S. 
Theorem 3.11. Let A be a non-empty subset of S. Then A is a characteristic interior ideal of S if and only if its characteristic
function λA is a fuzzy characteristic interior ideal of S.
Proof. Let A be a characteristic interior ideal of S. Let x ∈ S. If x ∈ A then λA(x) = 1. Then, for all f ∈ Aut(S), f (x) ∈ f (A) = A,
whence λA(f (x)) = 1. If x 6∈ S then λA(x) = 0. Then, for all f ∈ Aut(S), f (x) 6∈ f (A), whence λA(f (x)) = 0. Thus, we see that
λA(f (x))= λA(x) for all x ∈ S.
Conversely, suppose that λA is a fuzzy characteristic interior ideal of S. Then, by Definition 3.9 and Corollary 3.4, A is an
interior ideal of S. Now, let f ∈ Aut(S) and a ∈ A. Then, λA(a) = 1 and λA(f (a)) = λA(a). Consequently, f (a) ∈ A. Thus, we
obtain f (A) ⊆ A for all f ∈ Aut(S). Again, a ∈ A, f ∈ Aut(S) ⇒ ∃b ∈ S 3 f (b) = a. If possible, suppose that b 6∈ A. Then,
λA(b) = 0. Since λA(f (b)) = λA(b), λA(f (b)) = 0. Hence f (b) 6∈ A, i.e., a 6∈ A: a contradiction. Hence b ∈ A, i.e., f (b) ∈ A.
Thus, we obtain A ⊆ f (A),∀f ∈ Aut(S). Consequently, the converse follows. 
For a non-empty fuzzy subsetµ of S it is easy to observe the equivalence of the following: (i)µ is a fuzzy (characteristic)
interior ideal of S, (ii) µα is a fuzzy (characteristic) interior ideal of S∀α ≥ 0, provided it is non-empty, where µα(x) =
(µ(x))α for all x ∈ S, (iii) the fuzzy translationµTα ofµ is a fuzzy (characteristic) interior ideal of S, (iv) the fuzzymultiplication
µMβ of µ is a fuzzy (characteristic) interior ideal of S, (v) the fuzzy magnified translation µ
C
βα of µ is a fuzzy (characteristic)
interior ideal of S, (vi) if θ is an endomorphism of a Γ -semigroup S and µ is a fuzzy (characteristic) interior ideal of S, then
µ[θ ] is also a fuzzy interior ideal of S, where µ[θ ] : S → [0, 1] is defined by µ[θ ](x) = µ(θ(x)) for all x ∈ S.
We also observe that the fuzzy interior ideals of S remain invariant under an inverse image; i.e., if f : S → T is a
homomorphism of Γ -semigroups and λ is a fuzzy interior ideal of T , then the preimage f −1(λ) under f is a fuzzy interior
ideal of S.
Proposition 3.12. Let µ be a fuzzy interior ideal of a commutative Γ -semi group S and x ∈ S. Then the extension 〈x, µ〉 of µ by
x is a fuzzy interior ideal of S.
Proof. Let p, q, r ∈ S, α, β ∈ Γ . Then 〈x, µ〉(pαqβr) = inf
γ∈Γ µ(xγ pαqβr). Now, since S is a commutative Γ -semigroup,
µ(xγ pαqβr) = µ(xγ qαpβr) = µ(pαxγ qβr) for all γ ∈ Γ . Again, sinceµ is a fuzzy interior ideal,µ(pαxγ qβr) ≥ µ(xγ q).
Hence,
inf
γ∈Γ µ(pαxγ qβr) ≥ infγ∈Γ µ(xγ q).
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Thus, we see that
< x, µ > (pαqβr) ≥ inf
γ∈Γ µ(xγ q) = 〈x, µ〉(q).
Hence, 〈x, µ〉 is a fuzzy interior ideal of S. 
Definition 3.13. A Γ -semigroup S is said to be simple if it does not contain any proper ideal.
Definition 3.14. A Γ -semigroup S is said to be fuzzy simple if every fuzzy ideal of S is a constant function.
Lemma 3.15. A Γ -semigroup S is simple if and only if it is fuzzy simple.
Proof. Let us suppose that theΓ -semigroup S is simple. Letµ be a fuzzy ideal of S and a, b ∈ S. Then, by Theorem3.3 in [21],
µµ(a) and µµ(b) are ideals of S. Since S is simple, µµ(a) = S = µµ(b). Hence, a ∈ µµ(b) and b ∈ µµ(a), whence µ(b) ≥ µ(a)
and µ(a) ≥ µ(b). Thus, we deduce that µ(a) = µ(b) for all a, b ∈ S. Consequently, S is fuzzy simple.
Conversely, suppose that S is fuzzy simple. Let I be an ideal of S. Then its characteristic function µI is a fuzzy ideal of S
(see Theorem 3.1 [21]). Let x ∈ S. Since S is fuzzy simple, the fuzzy ideal µI is a constant function, and so µI(x) = µI(a) for
all a ∈ I . Hence, µI(x) = 1, whence x ∈ I . Thus, we obtain S = I . Hence, the Γ -semigroup S is simple. 
The above lemma can also be obtained as a corollary to the level subset criterion for the fuzzy interior ideal of a
Γ -semigroup, i.e., Theorem 3.2.
In order to conclude the paper we obtain the following characterization of a simple Γ -semigroup in terms of a fuzzy
interior ideal.
Theorem 3.16. A Γ -semigroup S is simple if and only if every fuzzy interior ideal of S is constant.
Proof. Let S be a simple Γ -semigroup andµ be a fuzzy interior ideal of S. Let a, b ∈ S. Then, S being simple, each of 〈a〉 and
〈b〉, the principal ideals generated by a and b, respectively, is equal to S. Hence, there exist x, y, u, v ∈ S and α, β, γ , δ ∈ Γ
such that a = xαbβy and b = uγ aδv. Since µ is a fuzzy interior ideal of S, µ(xαbβy) ≥ µ(b) and µ(uγ aδv) ≥ µ(a). Hence
we see that µ(a) ≥ µ(b) and µ(b) ≥ µ(a), whence µ(a) = µ(b). Consequently, µ is a constant.
Conversely, suppose that every fuzzy interior ideal of S is constant. Letµ be a fuzzy ideal of S. Then, by Proposition 3.5,µ
is a fuzzy interior ideal of S. Hence, by the hypothesis,µ is constant. Hence S is fuzzy simple. Consequently, by Lemma 3.15,
S is a simple Γ -semigroup. 
Concluding remark. The importance of fuzzification of an algebraic structure lies in obtaining various characterizations in
terms of fuzzy subsets. Lemma 3.15 and Theorem3.16 illustrate this fact. It is also worthwhile noting that the corresponding
fuzzy interior ideals of the operator semigroups of a Γ -semigroup may play important roles in furthering the study of the
properties of fuzzy interior ideals of a Γ -semigroup as it did in [21] for fuzzy ideals of a Γ -semigroup.
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